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Let &Y = kl ,.a., g,) > 0 and h = (hI ,..., hA 2 0, g,, , hP e J, beg two vectors 
of nonnegative integers and let A E d, A > 0, A = 0 mod d, where d denotes 
g.c.d. (gI ,..., g?). Define 
lt is shown in this paper that A(A) is periodic in A with constant jump. If 
ie {l,..., rj is such that 
then 
4A -f- gJ = l&v + hi 
holds true for all sufficiently large A, A = 0 mod d. 
I. INTRODUCTION 
Let r > 1 and let g = (gl ,..., gJ > 0, h = (/zl ,..., /zJ 2 0 be vectors 
of nonnegative integers: gp , hp tz Jl; gp 2 0, hp 2 0 (p = l,..., r). It is 
well known (cf. [3]) that the affine hyperplane in W 
contains vectors (x1 ,..., XJ with nonnegative integer components x0 
provided the “parameter” A E J, A > 0, is sufficiently large and satisfies 
A = 0 mod d, where d denotes g.c.d.( g1 , . . ., gT). 
Consider the linear function 
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It is in some respects useful (cf. [4]) to have information about the mini- 
mum off on the “nonnegative integer lattice” of the hyperplane (1). Let 
us denote this minimum for fixed g and I? by A(A). 
It is shown in this paper that A(A) enjoys a “periodicity” property 
as A is running through the multiples of d. If i E { I,..., r] is such that 
for p = l,..., r (such an i exists, as is easily seen), then 
holds for all sufficiently large A = 0 mod d. 
Hence a complete insight in the values of &A) is possible, once the 
finitely many quantities A(&, + Td) (T = 0, l,..., (gJd) - 1) are known 
for some & large enough. A lower bound IV such that (2) holds for A > IV 
is also given in our main theorem. 
2. PRELIMINARIES 
Let r > I and let g = (gI ,..., g,.) b e a vector with nonnegative integer 
components; we assume gI # 0, which is no restriction for our results. 
Define 
d,,-l E 0 mod d0 , No = 0 mod d0 (p = 2,..., r). (3 
LEMMA 1. Let A E J be such that A = 0 mod d+. and A > N7 . Then 
(a) there exists K E J, 0 < K < C& - 1, such that 
(b) A admits a “nonnegative g-representation” (aI ,..., aV), i.e., 
aD G J (p = l,..., r) satisfy 
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Proof (cf. [3]). Put j,. = g&& E J; then the numbers 
span all residue classes mod & since any relation 
with p, q E Ji satisfying w.1.o.g. 0 < q < p < &-I - 1, would imply 
(p - q) Jr = I& for some 1 E J and 0 <p - q < & , which is 
impossible, since c&. = g.c.d.(d?-*, gr), i.e., I = g.c.d.(aTVI, lr). 
The integers 
also span all residue classes mod &I . Therefore for any A’ 2 
64-l - I)( 2,. - 1) there is K E J, 0 < K < & - 1 such that 
2 - K& G 0 mod &r , x - K& 2 0. (61 
Let A’ = (A - NT-r)/& ; A’ is an integer in view of (5) and satisfies 
A’ > (&.VI - l)(& - 1) by (4). Hence there is K as in (6) i.e., 
This proves part (a) of the lemma; (b) follows immediately from (a) by 
an inductive argument. 
LEMMA 2. Let r > 2, g = ( gI ,..., gJ 2 0, go E J, gI # 0; let A = 0 
mod d? , A > Nr, and let (0, a2 ,..., ar) be a nonnegative g-representation 
ofA+,&: 
A + gl = a2gz + *** + q5.. 
Then there is a nonnegative g-representation (cI ,. .., c?) of A 
A = c1g1 + c2g2 + *.- + cj-g+. 
such that 
ProojI We proceed by induction on r. 
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Let r = 2, h + g1 = a2g2 , and let A = clgl + c2gz be any nonnegative 
g-representation of A that exists by Lemma 1 since A > Nz . Then 
(as - cJ g2 = A + gl - A + clgl = (1 + cd gl > 0. 
Assume now that r 2 3 and that the lemma is true for all j, 
2 <j < r - 1. Let /c = (Kl ,.,., K,.) be the g-representation of h obtained 
by applying Lemma 1 (a) (r - I)-times. Then 
holds true by the very construction of K. If K satisfies 
we set c0 = K~ (p = l,..., r) and are done. If (11) is false, there is j, 
2 < j < r - 1, such that 
(Note that j = 1 is impossible since 
Define 
Then 5 = 0 mod dj ; moreover, by (7), (lo), and (12), 
> N5. 
Since 
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we are in a position to apply the induction hypothesis, thus obtaining 
a nonnegative vector (I?~ ,..., Zj) such that 
(15) 
Then (13) and (14) provide a representation 
A= i Q70+ jj aDgo. 
Lx1 o=j+l 
Put 
co = co , p = l,...,j, 
=L2 02 p = j + l,..., r; 
then (8) is satisfied, and (9) follows immediately from (15). This completes 
the proof. 
The following simple lemma is stated without proof. 
LEMMA 3. Let r > 2 and Zetfor g = (gl ,..., gv), h = (hl ,..., hr) 
D 0.0 = gpho - g,,hD = det (F t) (p, c7 = I ,..., r). c CT 
Then 
(a) there is i E {l,..., r} satisfying 
&,o 2 0 @J = L.., rl, 
(b) there is an ordering {il ,..., ir} of {I ,,.., r} such thut 
DiD.ip+, > 0 (p = l,..., r - 1). 
3. A PERIODICITY T~OREM 
Let g = cg1 ,*.., g,.) > 0, go E Jl, and let A = 0 mod dr . We introduce a 
short notation for the set of nonnegative g-representations of k 
%(A; g) = /a = (aI ,..., Us): i aOgO = A, a0 E 5, a0 > 0, p = I,..., r . 
!a=1 1 
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Suppose ‘%(A; g) # .D. Let Ir = (IzI ,..., &) 2 0, Iz,, E J, and define 
Let Do,m = g,,& - g&, (,zJ, ~7 = l,..,, r) and observe Lemma 3. 
~I-EOIWVL Let g = (gl ,..., &) > 0, h = (hl ,..., hT) 2 0, be such that 
and 
4,o 2 0 (p = I,..., r) 
D 0*0+1 2 cl (p = l,..., I. - I). (17) 
. 
holds true. 
ProojI It is obvious that the statement of the theorem is not atfected 
if we omit all gi with gi = 0. Hence we may assume w.1.o.g. g0 > 0 
(p = l,..., r) in the following proofs. Since the theorem is trivial for 
r = I, we may also assume r > 2. 
(a) Since A > N,. , we have %(A; g) # .D by Lemma I. Let 
2&(A; g) = {a = (aI ,..., ar) c %(A; g) : al = 0} 
i!ll(A; g) = {a = (al ,..., ar) E %(A; g) : al > I}. 
Suppose ‘%,,(A + gl ; g) + @ (otherwise the parts (a)-(c) of this proof 
are dispensable), and let a E ‘9X& + gl ; g), i.e., 
We shall now prove that 
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To this end let c = (cl ,..., cr) E ‘%(A; g) be such that 




in accordance with Lemma 2. 
(b) We claim 
Inequality (23) is shown by induction on i. If i = 2, we have 
(24) 
= 4,dl + ~1) gl 2 0 = i&l - 4 &,I. 
Suppose now that i < r - 1 and that (23) holds. Then, by (22), (24), and 
the induction hypothesis, 
Q,i+l p$+l 6~ - 4 go 
- 
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Note that (23) yields for i = r (recall that DIeI = 0) 
ii2 6% - 4 4.9 2 0. 
(c) Observing that & cog0 = A, we have 
0=1 &7=2 
= m!ll p1 + li2 GJLO). 
Similarily, by (20), 
Hence, by (25), 
(d) Now let u = (uI ,..., 4 E WA + gl ; d; then Cal - 1, a2 ,..., 4 e 
%(A; g), and we obtain at once 
2 ffJzQ = (q - 1) hl + i aJtp + hl 2 44 + h . (26) 
p=l 0=2 
(e) In view of (19) the inequalities (21) and (26) show that 
4A + !Tll 2 44 + 4 . 
On the other hand, let b = (bl ,..., br) E ‘%(A; g) represent A(A), i.e., 
& b&, = A(A). Then obviously (bl + I, b2 ,..., br) E ‘%(A + gl ; g), 
which means 
This completes the proof. 
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Next we prove a lemma in order to add a generalizing corollary to the 
theorem. 
LEMMA 4. Let p > 0, p = 0 mod d,. be minimal in the sense that there 
exist integers N > 0 and q > 0 satisfying 
for every A I= 0 mod dV , A > N. Zf p’ > 0, p’ = 0 mod dr is such that 
holds true for some q’ > 0 and every A G 0 mod dr, A > N’, then there is 
k E J such that 
P’ = kp, q’ = kg. 
Proox Let k > 0 and j, 0 < j < p, be such that p’ = kp + $, where 
j =-~ 0 mod dr . Let A > N = max(N - j, N’), A SF 0 mod d,. . Then 
A@ + P’) = A@ + j + kp) = A@ + j) + kq, 
which, in view of (28) means that 
-WI + $) = 44 + q’ - kq, cw 
where 4 = q’ - kg > 0, as is easily seen. Equation (29) contradicts the 
minimality property of p except for $ = 0, which implies @ = 0. 
COROLLARY. Let g and h be as in the Theorem arzd assume 
D -0 1.0 - Cp = l,...,,jl 
for some.j, 1 < ,j < r. Then 
AtA + djl = ACAl + Chl/gllG 
(30) 
holds for suflciently large A, A = 0 mod c&. .
ProoJ The corollary follows immediately from the theorem and from 
Lemma 4, since (30) implies 
Di.0 2 CI (p = l,..., r) 
for every i E {l,...,j]. 
108 H. G. WEIDNER 
We remark that (/zI/gI) dj E J. We have, by (30), 
hence gJdi is a divisor of g.c.d.(glhJdj ,..., gjhJdi) = hl . 
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